Effects of environmental dielectric materials on cross-polarized excitons of semiconducting carbon nanotubes are theoretically studied in an effective-mass scheme. When a nanotube is surrounded by a medium, the bright exciton, shifted to the high-energy side by depolarization effect, becomes weaker and disappears with the increase of the dielectric constant. When a nanotube contains a medium inside, the bright exciton becomes more eminent. The dark exciton, brightened due to electron-hole asymmetry, is enhanced with the increase of the dielectric constant both for outside and inside materials. Consequently, the relative intensity of the brightened dark exciton normalized by the bright exciton is strongly enhanced by environmental screening, in particular, for outside materials.
I. INTRODUCTION
Because a carbon nanotube is full of surface, electrons in a nanotube are strongly subjected to effects of a surrounding environment. In fact, energy levels of optically excited excitons were shown to be sensitive to environmental conditions for parallel polarization in which the electric field of light is parallel to the axis, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] indicating that the Coulomb interaction is effectively modulated by the environments. The purpose of this study is to theoretically clarify dielectric environment effects on crosspolarized excitons in carbon nanotubes.
Effects of the Coulomb interaction are known to play a significant role in carbon nanotubes because of one dimension. [17] [18] [19] In fact, it was theoretically predicted that the band gaps are considerably enhanced due to the Coulomb interaction, but a large part of the enhancement is compensated by the exciton binding energy and the exciton lies slightly above each band edge without interaction effects. 20, 21 This was confirmed by later theoretical studies. [22] [23] [24] [25] [26] [27] [28] [29] [30] Experiments on an excitation energy associated with each band [31] [32] [33] [34] and two-photon absorption [35] [36] [37] proved the significant role of exciton effects in nanotubes for parallel polarization. For cross-polarization, in which the electric field of light is perpendicular to the axis, the spectrum is strongly affected by a depolarization field between plus and minus charges induced by light at opposite sides of the tube cross section. In the presence of this depolarization effect, peaks associated with van Hove singularity in interband continuum are completely suppressed, 38, 39 but excitons remain as sharp peaks in absorption or emission spectra. 26, 28, [40] [41] [42] [43] [44] Thus, observation of absorption peaks for cross-polarization is another clear evidence of excitons in nanotubes. 41, 42, 44 Further recent studies for cross-polarized excitons revealed that dark excitons, located below bright excitons in energy, become optically allowed due to weak electron-hole asymmetry.
45-47
Optical spectra of carbon nanotubes have been measured in various environments such as for self-assembled tubes, 3, 5, [48] [49] [50] tubes suspended in air, 4, 7, 8, 10, 12, 51 and tubes in the presence of surrounding materials such as surfactants and solvents. 1, 3, 6, 7, 9, 11, [13] [14] [15] [16] 34 It has often been shown that exciton energies in the above environments are reduced in comparison with those in tubes in air or vacuum. In fact, in tubes in solvents, energies decrease by about several tens meV depending on the dielectric constants. 9, 15 It should be noted that materials intercalated inside nanotubes 52, 53 can also be considered as environment for the nanotubes. As to theoretical studies, in addition to the simplest models using a single screening parameter, 22, [54] [55] [56] analytical 57,58 and phenomenological [59] [60] [61] considerations of configurations of environmental dielectrics have showed that observed exciton energies are reasonably reproduced. Calculations of self-assembled tubes were recently reported.
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In cross-polarized geometry, dielectric environment significantly modifies the depolarization effect as well as the exciton energy. In this paper, we theoretically clarify such effects in an effective-mass approximation with higher-order corrections. The paper is organized as follows: In Sec. II, a model and method are presented. Numerical results are shown in Sec. III and discussed in Sec. IV. A summary and conclusion are given in Sec. V.
II. MODEL AND METHOD

A. Effective-mass approximation
Carbon nanotubes are rolled up graphene sheets where atoms connected by chiral vector L defining the tube circumference are overlapped. In a graphene, the conduction and valence bands consisting of π states cross at K and K ′ points where the Fermi energy is located. Electrons near the K point are described by k · p Hamiltonian
with
where γ is a band parameter,k = (k x ,k y ) ≡ −i ⃗ ∇ is a wave vector operator, a = 2.46Å is the lattice constant, η is the chiral angle denoting the direction of L, and S is a dimensionless parameter characterizing electron-hole asymmetry. The parameter β denotes the strength of trigonal warping. Namely, the equi-energy line is perfectly circular for β = 0 and deformed toward an equilateral triangle with the increase of |β|. In a nearestneighbor tight-binding model, β = 1.
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Electronic states for a nanotube with a sufficiently large diameter are obtained by imposing the following boundary condition for a two-component envelope function F(r):
with ν being an integer determined as ν = 0 or ±1 corresponding to L and φ being effective magnetic flux threading the tube cross section which describes effects of curvature and lattice distortion. The nanotube becomes a metal for ν = 0 and a semiconductor for ν = ±1. The effective flux is given by [68] [69] [70] [71] [72] [73] 
where L = |L| and p is a dimensionless parameter satisfying −0.5 < ∼ p < ∼ 0. The wave function is given by a plane wave, F(r) ∝ e iκν (n,φ)x+iky , where k and κ ν (n, φ) are the wave vectors along the axis and circumference, respectively, with
For the K ′ point, the Hamiltonian matrix is given by the complex conjugate of H after replacing β with −β, and the boundary condition is given by Eq. (3) with replacement of ν and φ by −ν and −φ, respectively.
The band parameter γ is related to resonance integral −γ 0 between neighboring π orbitals in a tight-binding model through γ = √ 3γ 0 a/2. Previous studies revealed that γ 0 ≈ 2.7 eV (γ ≈ 5.8 eVÅ) can well reproduce experiments. 21, 74 For the higher-order corrections, it was shown that values around β = 1.5 and p = −0.2 reproduce experimental family patterns well. 75 Thus results for these parameters will be shown when they are considered. As to the electron-hole asymmetry, S ∼ 0.13 has usually been assumed. 76 Therefore, we use S = 0.1 or 0.2 when it is taken into account. Actually, results are dependent only on |S| and independent of the sign of S.
The exciton wave function is a linear combination of electron-hole pair-states. Expansion coefficients are obtained by solving an equation of motion for an electronhole pair under attractive interaction. 20, 21, 77 We shall not consider an electron-hole exchange interaction included in a Tamm-Dancoff type approximation for description of depolarization effects. For cross polarization, excitons with momentum ±2π/L in the circumference direction are excited. In calculations of interaction effects on the band structure, a screened Hartree-Fock approximation is used and the attractive interaction between an electron and hole is introduced by using the Coulomb interaction screened by a static dielectric function, 20, 21, 77 which was shown to be sufficient by comparison with results of calculations in a higher GW-type approximation.
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B. Environment effect
A dielectric function is written as
where integer n characterizes the wave vector in the circumferential direction, q is the wave vector in the tube axis direction, V n (q) is the Fourier transform of the Coulomb interaction, Π n (q, ω) is a polarization function due to electrons near the Fermi energy, and Π ′ n (q, ω) is that due to other electrons in σ bands, core states, and the π bands away from the K and K ′ points. The polarization function Π ′ n (q, ω) is written using a phenomenological dielectric constant κ as
where the Fourier transform of the Coulomb interaction in the absence of environment materials is given by
and I n (z) and K n (z) being modified Bessel functions of the first and the second kind, respectively. When a medium with a hollow and coaxial cylinder with radius R 0 and dielectric constant κ out is placed around a nanotube with radius R, as shown in Fig. 1(a) ,
where κ in is a background dielectric constant, and
The screened Coulomb interaction becomes
wherẽ
withε 0 n (q) being the dielectric function for a nanotube in the absence of surrounding material:
This shows that effects of environmental dielectric materials appear only in the form of the added dielectric constant given by the second term in the right hand side of Eq. (15), although being strongly dependent on q and R 0 /R. It is assumed in the following that the background is vacuum, i.e., κ in = 1. When a coaxial cylindrical material with radius R 0 and dielectric constant κ in is inserted into a nanotube, as shown in Fig. 1(b 
where κ out is the background dielectric constant,
and
Then, the dielectric functionε n (q) which is defined by Eq. (14) becomes
) .
(21) Effects of environmental dielectric materials again appear only in the form of the added dielectric constant. For the inside materials, the background is again set to be vacuum, i.e., κ out = 1, in the following.
Characteristic features of screening due to the outside and inside materials can be most clearly seen in the case of R 0 = R. Then, we have ξ n (qR, qR) = ξ ′ n (qR, qR) = 0. Thus, the dielectric functions for outside and inside materials are, respectively, given bỹ
. (23) In Eq. (22), for sufficiently large κ out ,ε n (q) becomes proportional to κ out for a long wavelength because of G n (qR) ≈ 1 for qR ≪ 1 and n = 0. This leads to drastic reduction of the Coulomb interaction. While in Eq. (23), ε n (q) in the long wavelength region remains finite for κ in → ∞, because of G ′ n (qR) = 1 − G n (qR) ≈ 0 for qR ≪ 1 and n = 0. As R 0 deviates from R, this big difference is rapidly reduced.
The effective distance between the nanotube and a dielectric material is likely to be dependent on details of the material property, but is expected to be of the order of the interlayer distance in bulk graphite, which is 0.334 nm. For typical nanotubes such as the (10,10) tube, the radius is R ≈ 0.68 nm, giving R 0 /R > ∼ 1.5 for the outside material and R/R 0 > ∼ 1.5 for the inside material. With the increase of the tube diameter, these ratios become smaller.
It should be pointed out that the effective dielectric constants κ out and κ in of polar material are likely to be different from static value ε 0 but closer to high-frequency value ε ∞ . Usually, ε 0 contains contributions of lattice vibrations or orientation change of molecules. Because such slow responses have characteristic frequencies much smaller than the electron energy (typically band gaps) and the exciton binding energy, they do not contribute to the renormalization of the electron energy and the exciton binding. We should use the dielectric constant of environmental material roughly corresponding to the band gap and the exciton binding energy, which are not so much different from each other in the present system.
C. Depolarization effect
For cross-polarization, the depolarization effect has to be considered. Among various theoretical treatments of this effect, 38,39,80-83 the self-consistent field method is used in the following because of its reliability. 84 We shall not use a Tamm-Dancoff-type approximation, which is regarded as an approximate version of the self-consistent method, because it can sometimes give quantitatively different results.
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First, the dynamical conductivity without the depolarization effect, σ l xx (ω), where l = ±1 indicates the wave vector in the circumference direction, is obtained from the above cross-polarized excitons with the circumferential momentum 2πhl/L by using the Kubo formula. 85 Then, absorption power including the depolarization effect is characterized by the real part ofσ xx (ω) which is given byσ
and ε xx,l (ω) describing the depolarization effect is given similarly to Eq. (6) by
With the use of the approximation given by Eq. (7), 38, 39 we have
where p l and q l depend only on |l| and are given for the outside material by
with κ in = 1, and for the inside material by with κ out = 1. It should be noted that the expressions of ε xx,l (ω) for the outside and inside materials are apparently same when κ out and R 0 /R for the former are replaced by κ in and R/R 0 , respectively. This conductivityσ xx (ω) characterizes the optical response to an applied electric field in an asymptotic external region far away from the tube. The field at the nanotube is also influenced by dielectric environments. In order to see the response of the nanotube itself in the following, therefore, we shall consider conductivitỹ σ xx (ω) for electric field just at the tube surface. This is achieved by defining
Obviously, we havẽ
In the absence of environmental screening, thisσ xx (ω) reduces to the conductivity used previously.
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D. Cross-polarized exciton
Optically allowed excitation energies for crosspolarization are given by zero points of ε xx,l (ω) in Eq. (26) .
40 Figure 2 shows a typical example of the real part of ε xx,l (ω)/κ for κ out = κ in = 1 obtained in the lowestorder effective-mass scheme, i.e., β = p = S = 0. This function diverges to plus (minus) infinity on the lower (higher) side of exciton energies without the depolarization effect, i.e., poles of σ l xx (ω), which are denoted by vertical dotted lines. Then, zero points of Re[ε xx,l (ω)] are located on the higher energy side of the corresponding exciton without the depolarization effect but they are always below the next higher exciton level.
The dashed line in Fig. 2 shows the results when all excitations other than the lowest exciton are neglected. It clearly shows that in this case the energy of the bright exciton is well inside the interband continuum due to the strong depolarization effect. Therefore, the presence of the excited dark excitons and the interband continuum makes the bright exciton visible below the band gap through level repulsions.
It should be noted that excitons without the depolarization effect may be regarded as dark excitons. In the lowest-order effective-mass scheme, optical transitions with nonzero l are degenerate between the K and K ′ points. The degeneracy can be slightly lifted due to an electron-hole asymmetry or external magnetic fields. Then, new steep branches appear between pairs of lifted levels, leading to weak brightening of dark excitons. 46, 47, 86 The oscillator strength for the lowest brightened dark exciton is proportional to (S/L) 2 .
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In the lowest-order approximation, the first excited exciton does not contribute to σ ±1 xx (ω) because of the presence of parity symmetry between k > 0 and k < 0 as shown by a dash-dotted line in Fig. 2 . This symmetry is lifted when effects of trigonal warping are included, i.e., for nonzero β. In fact, the position of the band minimum or maximum for the K point is shifted to
in the absence of the Coulomb interaction and for the K ′ point, the signs of β and ν and φ in κ ν (n, φ) change. This becomes different between the initial and final states in the cross-polarization geometry, destroying the parity symmetry, making the first excited exciton slightly allowed. The first excited exciton lies close to the lowest bright exciton as shown in Fig. 2 . Therefore, it can sometimes appear in the absorption spectrum, in particular, when its energy almost exactly coincides with that of the bright exciton, as will be shown in the next section.
III. NUMERICAL RESULTS
A. Lowest-order effective-mass approximation
Calculated excitation energies in the lowest-order effective-mass approximation, i.e., β = p = S = 0, are shown in Fig. 3 as a function of the dielectric constant for (a) outside and (b) inside materials. For various ratios between R 0 and R, the energy of the lowest bright exciton is plotted by solid lines, the band gap by dotted lines, and the lowest and second excited dark excitons by dashed and dash-dotted lines, respectively. The first excited dark exciton does not contribute to optical transitions due to parity symmetry as discussed in Sec. II D.
For outside materials in Fig. 3(a) , all the energies decrease with the increase of κ out because of enhanced screening of the Coulomb interaction. The binding energy of the second excited dark exciton, which is the separation between the dotted and dash-dotted lines, quickly vanishes with κ out almost independently of R 0 /R. This feature for excited excitons is exactly the same as that in the case of parallel polarization. 57 In a similar manner, the binding energy of the bright excitons, the separation between the dotted and solid lines, is significantly reduced with κ out and disappears for sufficiently large κ out . For κ out ∼ 50, for example, the binding energy of the lowest dark exciton, i.e., the difference between the dotted and dashed lines, almost vanishes for R 0 /R = 1 and increases with the increase of R 0 /R. On the other hand, for κ out ∼ 50 the bright exciton is already immersed into continuum states essentially independently of R 0 /R.
In the case of inside materials shown in Fig. 3(b) , the decrease of all the energy levels with κ in is much smaller, as has been discussed in Sec. II B. Because the second excited dark exciton survives in the whole parameter region in this figure, the lowest bright exciton remains to be dominant. In the region κ in < ∼ 30 for R/R 0 = 1, the binding energy of the bright exciton, which is given by the difference between the dotted and solid lines, increases with the increase of the dielectric constant. This is because the depolarization effect is more effectively reduced by the inside materials in comparison with effects on electron-hole binding. This tendency is weakened with the increase of R/R 0 due to rapid decrease of environment effects on the depolarization effect.
The characteristic features of environment effects are most clearly seen in the case R 0 = R. Figure 4 shows the real part of the dynamical conductivity for various values of the dielectric constant in the case of (a) outside and (b) inside materials. Band edges (dotted lines) and energies of the lowest dark excitons (dashed lines) and the second excited dark excitons (solid lines) are also drawn.
In Fig. 4(a) , the intensity of main peak associated with the lowest bright exciton is rapidly reduced with the increase of κ out and the spectrum becomes similar to onedimensional joint density of states for sufficiently large κ out . The disappearance of the exciton peaks occurs when the second excited exciton vanishes, i.e., when the solid and dotted lines merge with each other.
For inside materials in Fig. 4(b) , the intensity of main peaks increases with dielectric constant κ in because of relatively larger reduction of the depolarization effect than that of the electron-hole binding as discussed above and in Sec. II B. For sufficiently large κ in , the intensity saturates corresponding to the complete screening of the depolarization effect. Diameter (nm) 
B. Effects of electron-hole asymmetry
For nonzero S, the degeneracy between transitions at the K and K ′ points is lifted and therefore band edges and the dark excitons become different between the K and K ′ points, giving rise to the appearance of a new peak between them (brightening of dark excitons). The calculated dynamical conductivity for β = p = 0 is plotted in Fig. 5 in the case of R 0 /R = 1.5 for S = 0, 0.1, and 0.2. The intensity of the brightened dark exciton grows with S. It becomes stronger also with the increase of the dielectric constant, corresponding to the reduced depolarization effect due to environmental screening as mentioned in Sec. II B.
In Fig. 5 for S = 0.2, for example, two bright excitons are well resolved above the main bright exciton at ε = 1.46 × (2πγ/L) for κ out = 1. With the increase of κ out , these peaks turn into a single hump like structure lying between the split band edges. At the same time, the main bright exciton loses its intensity, merges into the hump, and then disappears completely (κ out ∼ 20). With further increase of κ out , the hump-like structure disappears and spectrum becomes close to interband continuum starting at the higher of two split band edges. Figure 6 shows the similar results for inside materials with R/R 0 = 1.5. The brightened dark exciton appears and its intensity grows with increase of S. The feature of the main bright exciton remains essentially the same even for very large value of κ in , which is quite different from those in the case of outside materials. The brightened dark exciton remains about the same position and its intensity increases with κ in corresponding to the reduction in the depolarization effect due to environmental screening. Figure 7 shows the oscillator strength 40 of the lowest bright exciton (solid lines) and the lowest brightened dark exciton (dashed lines) for (a) outside and (b) inside materials with various ratios between R 0 and R. The oscillator strength of the brightened dark exciton increases with the increase of the dielectric constant for both outside and inside materials. The results for the brightened dark exciton are about the same between inside and outside materials for κ out < ∼ 20 and κ in < ∼ 20. This is due to the symmetry of ε xx,l (ω) for the outside and inside materials as has been discussed in Sec. II C, combined with the fact that the two split lowest dark excitons are dominant in determining σ l xx (ω) near the brightened dark exciton. Actually, the energy of the bright exciton is nearly independent of S as long as it exhibits a distinct peak.
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C. Family behavior
In this section, all higher-order terms are considered. We shall choose parameters such that β = 1. 44, 46 and crosses those for the brightened dark exciton. 46 Closed and open triangles denote ν = +1 and −1, respectively, and ν for squares is unknown.
and (b) inside materials as a function of the circumference length. Symbols with solid and dotted lines denote energies with and without environmental screening, respectively. In the case of outside material, environmental screening considerably reduces the energy of the bright exciton, but effect on the brightened dark exciton is much smaller, as has previously been discussed (see Figs. 3 and 5 ). In the case of inside material, on the other hand, excitation energies are only slightly reduced for both bright and brightened dark excitons because of weak screening effect for R/R 0 > 1 (see Figs. 3 and 6 ). The family behavior is much weaker than in the case of parallel configuration, because of near cancellation between valence and conduction bands corresponding to optical transitions in the cross-polarization geometry.
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It is interesting to note that trigonal warping and curvature, i.e., nonzero β and p, tend to reduce the exciton energies from those for β = p = 0 which are shown by dashed and dash-dotted lines for the lowest bright and the brightened dark excitons, respectively. Figure 9 shows the oscillator strength for (a) outside and (b) inside materials. The top panels show that of the lowest bright exciton and the bottom panels that of the brightened dark exciton. The oscillator strength of the bright exciton gradually increases with the increase of the circumference because of reduction of the depolarization effect arising from enhanced screening of the Coulomb interaction for larger L. 47 On the other hand, that of the brightened dark exciton decreases with the increase of the circumference length because it is essentially proportional to (S/L) 2 as previously shown.
For the bright exciton, the oscillator strength is strongly reduced or enhanced by the presence of outside and inside materials, respectively. For the brightened dark exciton, on the other hand, it is enhanced in a similar manner by both inside and outside materials. These behaviors are the same as those in the lowest-order effective-mass approximation with nonzero S, as shown in Fig. 7 . The family behavior is more prominent for the oscillator strength than the exciton energies. Some examples of the conductivity are shown in Fig.  10 for (a) outside and (b) inside material. We choose a (9,7) nanotube in (a) and a (12,11) tube in (b). Dashed lines indicate the result without environmental material for reference. Arrows with dashed lines denote split band edges. An arrow with a solid line indicates the energy of the first excited exciton, which is forbidden by the parity symmetry in the absence of trigonal warping, i.e., β = 0 and becomes slightly allowed for nonzero β, as has been discussed in Sec. II D.
For the outside material (a), the spectrum exhibits a hump-like structure above the lowest bright exciton, which is the same as for β = p = 0 shown in Fig. 5 . The bright exciton is not affected by the presence of slightly allowed first excited exciton because their energies are sufficiently different. For the inside material (b), the spectrum is not affected by environmental screening apart from slight shift, except that a dip-like structure appears at the peak of the lowest bright exciton. In this case, the first excited dark exciton happens to be degenerate with the bright exciton, causing this sharp dip-like feature.
IV. DISCUSSIONS
In this section, calculated results for outside materials with R 0 /R = 1.5, as a typical example, are compared with experiments. Figure 11 shows calculated energies of the lowest bright and brightened dark excitons by solid and dashed lines, respectively, for S = 0.2 and β = p = 0. As has been discussed in the previous section, the exciton energy is almost independent of S and the inclusion of the other neglected corrections, β and p, causes a weak family behavior and makes the energies slightly lower on average. Symbols are experiments in D 2 O with surfactant 44, 46 and dotted lines are empirical results for tubes suspended in air. 42 Crosses are measured energies of brightened dark excitons for tubes in D 2 O with surfactant. 46 The calculated energies are semiquantitatively in good agreement with the experiments.
In Fig. 12 , the intensity for the lowest brightened dark excitons is compared with that of the experiments shown in Fig. 11 . and S lying in the region 2 < ∼ κ out < ∼ 10 and 0.1 < ∼ S < ∼ 0.2. Detailed information about the environment is necessary for making more precise comparison possible, including the determination of asymmetry parameter S.
V. SUMMARY AND CONCLUSION
Effects of dielectric environments on cross-polarized excitons have been theoretically studied in the effectivemass approximation. When a nanotube is surrounded by outside material, the lowest bright exciton is drastically weakened and merges into the interband continuum with the increase of the dielectric constant of the environment material. This is because excited excitons limiting the depolarization shift easily disappear by environmental screening. When a nanotube contains inside material, on the other hand, the lowest bright exciton is enhanced because depolarization field is more effectively screened than the Coulomb interaction causing exciton formation. The brightened dark exciton due to the electron-hole asymmetry becomes more and more prominent with the increase of the environmental dielectric constant both for inside and outside materials. Consequently, the relative intensity of the brightened dark exciton normalized by the bright exciton is strongly enhanced by environmental screening, in particular, for outside materials.
